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Critical scaling and type-III intermittent chaos in isolated rabbit resistance arteries
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Heath Park, Cardiff CF4 4XN, United Kingdom
~Received 19 May 1997; revised manuscript received 13 August 1997!

We have shown that spontaneous oscillations in flow in rabbit ear resistance arteries may sometimes exhibit
behavior typical of type-III Pomeau-Manneville intermittency. The average number of oscillations per laminar
length^n& was related to a bifurcation parameter« according to power-law scaling of the form̂n&;«2b. The
critical exponentb was estimated as;0.80, which is within the range reported for type-III intermittent chaos
in nonbiological systems.@S1063-651X~97!50412-0#
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Spontaneous fluctuations in vascular tone~vasomotion!
are ubiquitous in the microcirculation and are thought to c
fer physiological benefit by enhancing mass transport p
cesses, promoting lymphatic drainage, and helping to sus
distal tissue perfusion when supply pressure is low~e.g., dur-
ing haemorrhagic shock! @1–3#. Previous studies from this
laboratory have shown that the mechanisms underlying
somotion in rabbit ear arteries perfused with histamine
be classified as chaotic@4–6#. We now provide evidence tha
this intrinsic nonlinearity may generate patterns of interm
tent chaos in which irregular bursts interrupt an otherw
periodic signal~Fig. 1!. Experiments were performed on iso
lated first generation ear arteries,;1 cm in length and
;150mm in diameter, from male New Zealand White ra
bits sacrificed by intravenous injection of sodium pentob
bitone (120 mg kg21), as previously described@4–6#.

Pomeau and Manneville have described three ‘‘univ
sal’’ intermittency classes in which the essential features
intermittent chaos are captured by discrete one-dimensi
iterative maps@7–9#. Each of these classes correspon
uniquely to the manner in which the eigenvalues of a fix
point pass through the unit circle at a local bifurcation, a
each exhibits different scaling characteristics in terms of
theoretical relationship between the average number of o
lations per laminar segment and a bifurcation parameter
the type-III scenario, intermittent laminar dynamics aris
through the destabilization of a limit cycle via a subcritic
period-doubling bifurcation that leads to an expansion in
amplitude of one subharmonic mode and a simultane
contraction in another. Ultimately the dynamics loses re
larity and a chaotic burst appears, following which there i
return to the preceding periodic behavior. This highly sp
cific antithetic divergence of modes has previously been
served in semiconductors@10,11#, lasers@12#, and electrical
circuits@13#, and at the onset of fluid turbulence@14#, but not
to our knowledge in biological systems. Following Pome
and Manneville we have constructed the second return
describing successive maximaxn in the fluctuations in flow
observed in rabbit ear arteries according to
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xn125~112«!xn1bxn
3, ~1!

where« is a small bifurcation parameter andb is a constant
such that the monoperiodic regime is represented by a re
ling unstable fixed point. Two examples of return maps d
rived from such experimental signals are illustrated in Fig
for which least-squares fits yielded«;0.12 and;0.15, re-
spectively.

In type-III intermittency, the number of iterationsn un-
dertaken by a representative trajectory before it exits fr
the laminar channel of the cubic map atxn5c depends on
the distance from the unstable monoperiodic pointx0 at
which reinjection occurs after the previous chaotic burst, a
can be calculated by approximating Eq.~1! in the continuous
form @9,14#

dx

dn
52«x1bx3. ~2!

If «;0 andc is large, integration leads to

n~«,x0!;
1

«
lnS 2«1bx0

2

x0
2 D . ~3!

If it is assumed that reinjection occurs uniformly over t
interval @0,c#, the cumulative probability distribution for the
number of laminar segments with more thann0 oscillations
is given by@9,10,12#

N~n0!5E
n0

`

P~n!dn5E
0

c

P~x0!
dx0

dn
dn

;«3/2
exp~22«n0!

@12exp~24«n0!#1/2. ~4!

This probability distribution can be used to distingui
between the different Pomeau-Manneville intermitten
classes@10,12#, and in the present study confirms that t
observed distributions ofN(n0) for arteries exhibiting inter-
mittency over periods;90 minutes or longer are consiste
with classification as type-III~Fig. 3!. Equation~4! thus per-
mits the calculation of an average value of« over a complete
experiment from the distribution of the lengths of each of t
laminar phases of the dynamics. Since reinjection occurs
:
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FIG. 1. Flow oscillations observed in two isolated rabbit arteries following administration of 2.5mM histamine. Mean flow was
maintained at 0.5 ml/min by setting the speed of the pump that controlled perfusion, and fluctuations in flow monitored continuou
transonic flow probe~Transonic Systems, type 2N!. Both examples illustrate features typical of the subharmonic bifurcation that chara
izes type-III Pomeau-Manneville intermittency.~a! Trace obtained in the presence of 50mM NG-nitro-L-arginine methyl ester to inhibit
nitric oxide synthesis by the vascular endothelium. The flow maxima show divergence with baseline flow remaining almost cons~b!
Trace obtained in the presence of histamine alone, in which diverging modes can be identified in the net amplitude of the flow e
Segments identified by horizontal bars conform to the criteria used to define the laminar phases of the dynamics~see text!.

FIG. 2. Second return maps constructed from experimental signals.~a! Plots of successive maxima in the fluctuations in flow for t
second segment identified by a horizontal bar in Fig. 1~a!. Circles represent the contracting mode and triangles the expanding mode
dynamics evolves over time away from the ‘‘ghost’’ of the monoperiodic regime, i.e., the fixed pointxn125xn . ~b! Plots of successive flow
excursions~i.e., maxima-minima! for the first segment identified by a horizontal bar in Fig. 1~b!. Both maps were fitted by an expression
the formxn125(112«)xn1bxn

3, with ~a! «50.12,b52.07 and~b! «50.15,b55.62. xn denotes deviation from the fixed point, whic
corresponded experimentally to flows of;0.70 and;0.78 ml min21, respectively. As illustrated schematically, the laminar phase of type
intermittency ends when the dynamics is ejected from the map. Standard theory assumes that reinjection takes place in the vici
fixed point with a uniform random probability distribution, allowing the process to repeat.
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finite distance from the unstable fixed point, the two subha
monic modes always diverge with unequal starting ampl
tudes~e.g., Fig. 1~b!, see also Refs.@13, 14#!. Therefore, in
order to identify the reinjection point for a given orbit, and
thus define the onset of the laminar phase, the two subh
monic modes were tracked backwards in time from the en
of the laminar phase to the point at which their amplitude
showed closest convergence. Termination of the lamin
phase was defined as loss of the characteristic antithetic
vergence of the modes for more than two cycles, followed b
irregular behavior. In order to evaluate the possible cons
quences of systematic errors introduced by the adoption
these criteria, we varied the estimated laminar lengths eith
by deletion or addition of up to four cycles. This did not alte
values of« calculated using Eq.~4! by more than 10%.

The duration of the laminar phase in type-III intermit-
tency increases as the bifurcation parameter«→0, so that the
inverse average laminar length^n&21 plays the role of an
order parameter characterizing a critical phenomenon.«
may thus be considered as a displacement from a critic
point according to

«5
m2mc

mc
, ~5!

wherem is a fundamental control parameter andmc its value
at the critical point marking the onset of intermittency. In
physical systems exhibiting type-III intermittencym has been

FIG. 3. Cumulative probability distributions representing the
normalized fraction of intermittent laminar segments longer thann0

oscillatory excursions for six arteries exhibiting type-III intermit-
tency whose behavior appeared stable for periods of at least 90 m
Individual symbols denote experimental data and continuous lin
the best fit to the theoretical expression that characterizes this int
mittency class, i.e.,N(n0);exp(22«n0)/@12exp(24«n0)#

1/2 ~see
text!. Open symbols denote arteries perfused with histamine alon
closed symbols denote the additional presence ofNG-nitro-
L-arginine methyl ester to inhibit endothelial nitric oxide~NO! syn-
thesis. Long laminar lengths reflect the local structure of the cub
map near the unstable fixed point, whereas short laminar lengt
correspond to reinjections far away from this point and principall
reflect the dynamics of reinjection, which standard theory does n
take into account. To ensure evaluation of the ‘‘optimal’’ decay
region of Eq.~4!, therefore, short laminar lengths were in some
cases excluded from the curve fitting procedure, as discussed
Ref. @10#.
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directly related to a variable such as magnetic-field stren
or resistance that can be altered experimentally in a gra
fashion to demonstrate critical scaling, with« derived either
from a second return map or a cumulative probability dis
bution@10,12,13#. Although the nature of the putative contro
parameterm in the present physiological experiments is u
known, and cannot, therefore, be manipulated in a contro
fashion, it has still been possible to demonstrate scaling
analyzing the intermittent behavior of a series of individu
arteries. Logarithmic plots of mean laminar length^n& as a
function of the derived bifurcation parameter« thus revealed
a power-law relationship of the form̂n&;«2b with an es-
timated value ofb;0.80 ~Fig. 4!.

It is widely recognized that the vascular endothelium co
tributes to the regulation of arterial resistance by releas
the potent endogeneous vasodilator nitric oxide NO in
sponse to changes in flow and circulating hormones. In
present experiments we observed type-III intermittency i
total of 19 different arteries but its existence did not correl
with the presence or absence of 50mM NG-nitro-L-arginine
methyl ester, a compound that blocks NO synthesis. Furt
more, in those preparations that exhibited intermittent beh
ior for periods of time sufficiently long to permit derivatio
of « from a cumulative probability distribution, critical sca
ing did not appear to be influenced by this inhibitor~Fig. 4!.
The role of NO may consequently be regarded as modula
rather than essential, a view supported by correlation dim
sion analysis, which has shown that NO does not influe
the intrinsic complexity of rabbit artery vasomotion@4#.

The value ofb estimated for rabbit ear artery vasomotio
is close to that reported for current fluctuations in liquid-H
cooled ultrapure crystals of germanium near the threshold
spontaneous instability~0.85! @11#. Others, however, have
obtainedb;1.2 for electrical oscillations associated with th
low-temperature avalanche breakdown ofp-type germanium
subjected to a variable magnetic field@10#, andb;0.55 in a
negative resistance electronic circuit@13#. It is readily seen
from Eq. ~3! that n(«);1/« when x0

2@«, which suggests
b51 as discussed in Refs.@9# and @15#. Kodama, Sato, and
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FIG. 4. Relationship between the average number of oscillati
per laminar segment and the bifurcation parameter«. Error bars
were derived from the fitted curves of Fig. 3~with the symbols
corresponding!. The linearity of this plot is consistent with scalin
according tô n&;«2b whereb is a critical exponent. Regressio
analysis gave the valueb50.8060.04 (r 50.99).
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Honda @16#, however, used a renormalization group a
proach to obtainb50.5 for the expected average lamin
length. This varies as

^n&5E
1

`

nP~n!dn;«21/2E
«

` x exp~22x!

@12exp~24x!#3/2 dx,

~6!

with the substitutionx5«n. Convergence of this integral i
assured numerically in the limit«→0 consistent withb50.5
@16#. The theoretical value of the scaling exponent for typ
III intermittency has thus itself become the subject of co
troversy.

Major temporal fluctuations in regional perfusion with
the ear microcirculation of conscious rabbits were first
scribed in detail by Clark and Clark in 1932, and shown
result from the asynchronous opening and closing of arte
in different parts of the vascular network on time scales si
lar to those observed in the present study@17#. This phenom-
enon has been noted in many other vascular beds and
serve to ensure that all microregions ultimately receive p
fusion by temporarily impeding local flow and causing blo
to be conducted to alternative tissue elements. The arte
pl
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employed in the present study may be considered as a
tially extended system consisting of a large number
coupled cells@18#, and Kahn, Mar, and Westervelt@11#
have also identified type-III intermittency in the spatiotem
poral dynamics of a physical system possessing many
grees of freedom. Correlation dimension analysis has a
shown that the dynamics of rabbit ear artery vasomotion i
least four dimensional@4–6#. It is thus apparent that the
‘‘macroscopic’’ behavior of complex systems can collapse
relatively simple patterns that exhibit critical behavior. In t
context of vasomotion this could confer flexibility b
allowing the ‘‘intermittent’’ redistribution of flow observed
in vivo to remain at the ‘‘edge of chaos’’ under the control
a single parameter that effectively generates a switch
mechanism. Chaotic regulation may optimize microcircu
tory function relative to simple oscillatory control b
accelerating diffusion-limited mass transport process
rapidly dissipating transients, and may allow lar
changes in state to occur with minimal energy expendit
@6,19,20#.

The work was supported by the Medical Resea
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